The existence of solutions for a system of variational relations, in a general form, is studied using a fixed point result for contractions in metric spaces. As a particular case, sufficient conditions for the existence of solutions of a system of quasi-equilibrium problems are given.
INTRODUCTION AND PRELIMINARIES
For each i ∈ I = {1, . . . , n}, let X i be a nonempty subset of a complete metric space (E i , d i ) and X = i∈I X i a subset of the product space E = i∈I E i . Let S i , Q i : X → 2 Xi be two set-valued maps with nonempty values. Let R i (x, y i ) be a relation between x ∈ X and y i ∈ X i .
The general system of quasi-variational relations that we consider in this paper is:
(SQV R) Findx = (x 1 , . . . ,x n ) ∈ X such that for each i ∈ I,
x i ∈ S i (x) and R i (x, y i ) holds for all y i ∈ Q i (x).
Variational relations problems were considered for the first time by D.T. Luc in [11] , as a general model that encompasses optimization problems, equilibrium problems or variational inclusion problems. Several authors continued the study of variational relations problems, see for instance the papers [10] , [12] , [9] , [2] , [1] and the references therein. Existence results for the solutions of variational relations problems are obtained mostly in two ways: by applying intersection results for set valued mappings (see [11] ) or by using various fixed points theorems (see [11] , [7] , [4] ).
The system (SQV R) was introduced by L.J. Lin and Q.H. Ansari in [8] , where the existence of a solution was established using a maximal element theorem for a family of set-valued maps. The same system was studied in [5] by a factorization method, that followed the ideas from [6] .
In this paper, we will give sufficient conditions for the existence of solutions of the system (SQV R), using a fixed-point theorem for set-valued mappings that are Reich-type contractions. The general result obtained for the system of variational relations will be applied in the last section to a system of equilibrium problems.
In the rest of this section, we present some notations and results needed in the paper. The metric on the product space will be defined by d :
d(x, y) = d 1 (x 1 , y 1 ) + · · · + d n (x n , y n ), Similarly, we will denote by
There is a vast literature on the existence of fixed points of generalized contractions, both single-valued and set-valued (see for instance [3] , [14] ). We will use the following:
for each x, y ∈ E. Theorem 1.1 ([13] ). Let (E, d) be a complete metric space and let F : E → 2 E be a Reich-type contraction. Suppose also that F (x) is a closed set, for every x ∈ E. Then, F has at least a fixed point.
AN EXISTENCE RESULT FOR A SYSTEM OF VARIATIONAL RELATIONS
We give in what follows sufficient conditions for the existence of solutions of the system (SQV R) formulated in the previous section.
For x = (x 1 , . . . , x n ) ∈ X and i ∈ I fixed, we denote
and we define the function Γ : X → 2 X by Γ(x) = Γ 1 (x) × · · · × Γ n (x). It is easy to see that any fixed point of Γ is a solution of (SQVR).
Theorem 2.2.
Suppose that for any i ∈ I, the set X i is nonempty, closed and:
. . x n ; t i ) holds, then R i (x i , . . . , z i , . . . x n ; t i ) holds too. Then, (SQVR) admits at least a solution.
Proof. We will prove that Γ : X → 2 X is a Reich-type contraction and we will use Theorem 1.1 to obtain the existence of a fixed point of Γ. Since X is closed and (E, d) is complete, the space (X, d) is complete too.
For each i ∈ I and x ∈ X, hypotheses (iv) and (v) imply that Γ i (x) is closed. Then Γ(x) is closed too.
Let
Further, using Lemma 1.1, (2.2), (iii), and the inclusion Γ i (x) ⊆ S i (x), for any x ∈ X, follows
where q = max i∈I q i , a = max i∈I a i , b = max i∈I b i , c = max i∈I c i and qa+qb+qc < 1. Applying Reich's theorem follows the existence of a fixed point for Γ and consequently of a solution of (SQVR).
By making a change in hypothesis (ii), we can obtain a second existence result: Theorem 2.3. Suppose that for any i ∈ I, the set X i is nonempty, closed and: (i) for any x ∈ X, Γ i (x) is nonempty; (ii) there exists q i ∈]0, 1[ such that, for every x 1 , x 2 ∈ X, for every z 1 i ∈ Γ i (x 1 ) and
; Then, (SQVR) admits a solution.
Proof. It can be noticed that for any x ∈ X and i ∈ I, the set Γ i (x) contains only one element. Indeed, if ζ i , ξ i ∈ Γ i (x), according to (ii), we get
is a singleton, it is a closed set. The rest of the proof is the same as for Theorem 2.2.
Starting with another definition for the "partial" problem, we can obtain a new existence result, with different conditions. For x = (x 1 , . . . , x n ) ∈ X and i ∈ I fixed, we denote . . . , z i , . . . , x n ) and R i (x 1 , . . . , z i , . . . , x n ; θ i ) holds for all θ i ∈ Q i (x 1 , . . . , z i , . . . , x n )} and we define the function T : X → 2 X by T (x) = T 1 (x) × · · · × T n (x). It is easy to see that any fixed point of T is a solution of (SQVR). Theorem 2.4. Suppose that for any i ∈ I, the set X i is nonempty, closed and:
(i) for any x ∈ X, T i (x) is nonempty;
(ii) there exists q i ∈]0, 1[ such that, for every
Then, (SQVR) admits at least a solution.
Proof. Hypotheses (iv) and (v) imply that for every x ∈ X, T (x) is closed. The rest of the proof is identical to the one of Theorem 2.2.
AN EXISTENCE RESULT FOR A SYSTEM OF QUASI-EQUILIBRIUM PROBLEMS
As a particular case of the system of quasi-variational relations, we consider (SQEP ) Findx = (x 1 , . . . ,x n ) ∈ X such that for each i ∈ I,
The relation R i (x, t i ) holds iff f i (x, t i ) ≥ 0. In this section, we denote
As a consequence of Theorem 2.3, we obtain: 
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From here, we get
When ε → 0, the inequality becomes
so q i = Li mi−λi ∈]0, 1[ as needed. We mention that sufficient conditions for the non-emptiness of the sets Γ i (x) or T i (x) can be given, for instance, by using intersection theorems of Ky Fan type (see [5] , [4] ).
